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ANATYSTS OF HEAT TRANSFER AND FIUID FRICTION FOR FULLY
DEVELCFED TURBULENT FLOW OF SUPERCRITICAL WATER WITH
VARTABIE FLUID FROPERTIES IN A SMOOTH TUBE

By Robert G. Deissler and Mgynard F. Taylor

SUMMARY

A previous analysis of turbulent flow and heat transfer for air
with varisble properties flowing In smooth tubes is generalized in order
to make it applicable to supercritical water. The generalization is
necessary because all the pertinent properties of supercritical water
vary merkedly with temperature. Calculated velocity and temperature
distributions, as well as relstions among Nusselt number, Reynolds num-
ber, and friction factor, are presented. The effect of variation of
Fluid properties across the tube on the Nusselt number and friction
factor correlations can be eliminsted by evaluating the properties at
a reference temperature which is a function of both the wall tempersture
and the ragtio of wall-to-bulk temperatures.

INTRODUCTION

An extension and generalization of the analysis for alr with vari-
able properties gliven in reference 1 were made in order to make it gppli-
cable to supercritical water. (The term "supercritical water" designates
water at pressures above the criticel pressure and temperatures near the
critical temperature.} An importent charscteristic of supercritical
water, insofar as it affects heat transfer and flow, is the very large
variation with temperature of its physical properties (specific heat,
density, viscosity, and thermal conductivity) Plots of the variation
of the property values of water with temperature at a pressure of
5000 pounds per square inch is gilven in figures 1 and 2 for data fram
references 2 to 4. From these plots it is evident that the radial
varistion of properties for supercritical water flowing in & tube with
heat transfer should have a considerable effect on the veloclity and tem-
perature distributions, with & resultent effect on the heat-transfer
coefficients and frictlon factors.
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Several other analyses of heat transfer to supercritical water,
which used assumptions not made herein, have been made and are
reported in reference 3.

ANATYSIS

8582

When the velocities and temperatures in & smooth tube are to be
obtained as functions of distance from the wall, the differential equa-
tions for shear stress and heat transfer may be written as follows:

T = -‘;—; + pe % (1)
o as

Equations (1) and (2) written in dimensionless form become

+ +
To Mo dayt PoMo &y
Po
k 1 o Cp &h \ath (4) .
= — s fs e
9% \¥o Frg P Cp,0 MO | ayt

PO
(The symbols used in this report are defined in the appendix.)

Ass tions. - The following essumptions are made in the use of
equations il’ and (2) for obtaining velocity and temperature distribu-
tions with heat transfer:

(l) The eddy diffusivities for momentum and heat transfer & and
€y, are equal. Previous analyses for flow in tubes based on this assump-
tlon yielded heat-transfer coefficlents and friction factors that agree
with experiment except at low Peclet numbers. At low Peclet numbers the
ratio of eddy diffusivities appears to be a function of Peclet number
(Pe = Re Pr), but for Peclet numbers above 10,000, which is the range of
interest for this analysis, the diffusivities are nearly equal (ref. 5).

(2) The expressions for eddy diffusivity that are found to apply to
flow of air with heat transfer with varisble properties (ref. l) apply
also to supercritical water. These expressions are

e = nluy (5) N
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for flow close to the wall, and the Kérmin relstion

O
€ = xz Sl {s)

2
(dzu)
2
dy
for flow far from the wall, where n and «® are experimental constants
having the values 0.108 and 0.36, respectively. In the expression for
flow close to the wall, the effect of kinematic viscosity u/p on &
has been neglected. A preliminary investigation (not reported herein)
indicates that neglect of this effect of p/p causes a somewhat larger

variation of Nusselt number with Prandtl number than is Indicated exper-
imentally.

(3) The variations of the shear stress T &and the heat transfer
per unit area g across the tube have a negligible effect on the veloc-
ity and temperature distributions (ref. 1, fig. 12).

Flow close to wall. - For cobtaining the veloclty and temperature
distributions close to a smooth wall, the expression for e from equa-
tion (5) is substituted into equations (3) and (4) to give, in terms of
the dimensionless parsmeters uf and ¥y,

+
(“0 o ay*
and
k1 p °p 2 + 4\ at’
1=(E L 8 P 244)db (8)
<k0 PI‘O po CP’O ) dy+

where assumptions (1), (2), and (3) have been used.

By rearrangement, equatlions (7} and (8) become

-+

aut = dy (9)
ﬁt-+ éL n?ufy*
0
.l-
att = dy (10)

E 1 p %p 2+ 4+
kn Pr * on c
0 0 PO p,0
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Equations (9) and (10} can then be written in integral form as

Nal
+
ot = dy (11)
o RS -l n2u+y_+
o  Po
and
+
J
+

't+ = dy (12)

k 1 o ¢ 2.+ +
— == + —L2_ pfuty
O k3 Prg " Pg o0

For a given wall temperature, k/ko, u/po, p/pg, and cp/cP o are
H

functions of t/to; and since t/to =1 - Bt+ (} = %9—;221%%), k/ko,
p,0°°07°0
u/po, p/po, and cP/cP o &are functions of Btt. For given values of
to and B, equations {11) and (12) can be solved simultaneously by
iteration, thet is, assumed relations between u¥ and y* and between
tt¥ and y* are substituted into the right-hand sides of the equations
and pew values of u' anmd %7 are calculated by numerical integration.
These new values are then substituted into the right-hand sides of the
equations and the process is repeated until the values of ut and £
do not change apprecisbly. Equations (11) and (12) give the relations
among uf, t+, and y*© for various values of the heat-transfer param-
eter B for flow close to the wall.

Flow at a distance from wall. - By use of assumptions (1), (2},
and (3), equations (3) and (4) become, for flow at a distance from the
wall,

1= i—; iu; + 5"— 2 (du+/dy+): (13)
dy 0 Gl zu + /dy +2)
o o oy 2 (a/e?) e
1=t BBy at (24)

Pro po e 0 2 +
b, (d2u+ / dy.[.z)-l ay
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In equations (13) and (14), the molecular-shear-stress and heat-transfer
werms have been retained so that the slopes for the velocity and temper-
ature distributions close to and far from the wall can be matched at

yl+. From the analysis for air presented in reference 1, it was found
that yl+, which is the lowest value of y* for which the equations
for flow at a distance from the wall apply, has a value of 16 when the
molecular-shear-stress and heat-transfer terms sre retained. Substitu-
tion of v for dut/dyt in equation (13) and rearrangement of the
terms give

+
‘ff—v = -x% du (15)

1 - (u/uolv
—The

which written in integral form is

+
133
V= ve exp - du’
\/l - (B/uolv
+ A\ epleg (16)
Uy

Substitution of w for duf/dy* in equation (14) and rearrangement of
the terms give

av _ _ x [(p/po)(c CP,O)
v v _vk/ko

att/ayt Pr,

au® (17)

Elimination of dv/v from equations (15) and (17), rearrangement, and
integration result in

+

+ EEL__ +'V<3§Ako-_fjl..ﬁ_
,0 ¢p,0 Ho

Pro
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If relations among v, u', and t° are assumed, equations (16) and
(18) can be solved simultaneously by iteration. After the relation
+
among V, t+, and ut is determined, the expression v = Qg: or
ay

a1 +
y' o=y, = (r9)

can be Iintegrated, and y* can be calculated.

Nusselt number, Reynolds number, and friction factor. - By use of
the definitions of the quantities involved, it can be shown (see ref. 6)
that with the fluid propertles evaluated at the wall temperature, the
Nusselt number, Reynolds number, and friction factor are given by

2rot Pr
Nug = —— (20)
%

+
Req = 2r, u.b+ (21)

fl

fO = +2 (22)

where, for variable c¢,., and p,

P
ro+
c
+ _+
C—P— L ght (rg ") oyt
p,0 Po

t = T
o o
P .+ + _+ +
E;:a %0 u (ro y ) dy

and +
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The relations between ut y+, and t7 are calculated from equations (ll) 3
(12), (16), (18), =na (19).

The Nusselt number, Reynolds number, and friction factor with the
fluid properties evalusted at the bulk temperature rather than at the
wall temperasture can be found by using the relation tb/to =1 - Btb+.

Nusselt numbers, Reynolds numbers, and friction factors with properties
evaluated at an arbitrary temperature in the fluid tx can be obtained

from te/tg = x(1 - ty/tg) + tp/to-

RESULTS AND DISCUSSION
Physical Properties

The physical properties used in this analysis are shown in figures 1
and 2. All the properties used were taken from tables and equations
given in reference 2, with the exceptlon of the thermsl conductivities
and viscosities at the lower temperatures which were taken from refer-
ence 4. Considerable uncertainty exists in the property values of super-
critical water, especlally for viscosity and thermal conductivity, so
that the accuracy of the computed results may be affected to some extent
by errors in those values. The discrepancies among the viscosity and
conductivity data used by various investlgators are shown by the differ-
ence between the solid and dashed lines in figure 2.

Predicted Temperature and Velocity Distribution

The predicted velocity and temperature distributions for various
values of B8 for e well temperature of 1360° R and a pressure of
5000 pounds per square inch are shown in Tigures 3 and 4, respectively.
Since the molecular-shear-stress and heat-transfer terms were retained
in equations (13) and {14) for flow at a distance from the wall, curves
in figures 3 and 4 were plotted using yl+ equal to 16 as was used in
reference 1 for air when the molecular-shesr-stress and heat-transfer
terms were retained. The peculiar varistion of the physical properties
of supercritical water necessitates the celculation of velocity and tem-
perature distributions for each well temperature. In general, the vari-
ation of the wvelocity distributions is more regular than that of tThe
temperature distributions. The irregular variation of the temperature
distribution is due to the unususl variatlion of specific heat with tem-
perature. In equation (18) the specific hesat appears in the denaminstor.
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Nussgelt Numbers

In figures 5 and 6, the predicted Nusselt numbers for supercritical -
water are plotted ageinst Reynolds numbers for various values &f the
heat-transfer parameter p for a pressure of 5000 pounds per square
inch and a wall temperature of 1360° R.

Figure 5 shows the Nusselt numbers plotted against the Reynolds
numbers with all the physical properties evaluated at the wall temperas-~
ture. The Nussgelt numbers and Reynolds numbers are calculated from
equations (20} and (21). At a given Reynolds number, the Nusselt num-
bers can be seen to increase in a complex menner as B increases. In
figure 6, all the physical properties in the Reynolds numbers and
Nusselt numbers are evaluated at the bulk temperature. For a given
Reynolds number, the Nusselt numbers decresse irregularly with an
increase in PB. 3Because of the irregular verietion of the Nusselt num-
ber with B, no single reference temperature tx can be found for the
evaluation of the physical properties which will eliminate the effects
of B. The effects of B can be eliminmted, however, by using a ref-
erence temperature which is a function of both the wall temperature and
the ratio of wall-to-bulk temperature. In figure 7 the Nusselt numbers
are plotted against the Reynolds mumbers with the physical propertiles,
including density, evaluated at the reference temperature for a pressure
of 5000 pounds per sguare inch and various wall temperatures. These are
the curves for B = 0 for the various wall temperatures and can be used
for B # 0 by using the reference temperatures from figure 8, where
x 1is plotted against the ratio of well-to-bulk temperature for the .
various wall temperatures. The quantity x, which defines the reference
temperature t, = x(to - tb) + 1y, is calculated from the curves in fig-

ure 5 and the corresponding curves for other wall temperatures. A refer- -
ence temperature can be gelected for each point on the curves for

B f O which brings the point to the B = 0 curve. The quantity x

varies widely with both wall temperature and ratio of wall-to-bulk

temperature.

2858

The variation of the level of the curves for Nusselt numbers
plotted against Reynolds number in figure 7 is caused by the variation
in Prandtl number. These curves indicate that Nusselt number varies

approximately as Proo'55 for the range of Prandtl numbers shown,
whereas experimental data for various fluids indicate a wvariation of

1
Pr00.45_ This difference is probably a result of neglecting the effect

;An examination of the data for Prandtl numbers in the range considered .
in this report, for example, in references 7 and 8, indicates thet an

exponent of 0.45 fits the data better than the commonly used exponent

0.4, which is an average for a larger range of Prandtl numbers than con- -
sidered herein.
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of kinematic viscosity on the eddy diffusivity in the region very close
to the wall; this region becomes increasingly important as the Prandtl
number is increased. If a more accurate answer 1s deslred, the present
recommended procedure is to calculate Nux by multiplying the Nux's

for a Prandtl number of 1 in figure 7 by the correction factor Proo‘45

instead of using the curves for various wall temperatures in figure 7.
The reference temperature for evaluating the properties in the Nusselt
and Reynolds numbers can be obtained from figure 8.

Ag an application of the foregoing analysis, wall and bulk temper-
atures for flow through a 0.25-inch tube with uniform heat input were
calculated and are shown in figure 9. The bulk temperatures were obtained
by setting the total heat transferred between the entrance and a given
section equal to the change in enthalpy of the fluid passing the section
and determining the temperature change corresponding to the enthalpy
change (constant pressure) from the tebles in reference 2. The curves
for wall and bulk temperatures are nearly parallel at the lower temper-
atures. As the bulk temperature approaches the critical temperature,
the curves separate because of the raplid veriation of physical properties
in that region. The changes in slope of the bulk-temperature curve are
caused by the very large Increase in specific heat with temperature in
the critical region and the subsequent decrease at higher temperatures.
The wall.-temperature curve doeg not follow the bulk-temperature curve
because the properties of the fluid change from those of & liguld to
those of a gas in passing through the critical region, with a consequent
decrease in hest-transfer coefficlent. It should be mentiocned that the
increase in specific heat near the critical temperature tends to increase
the heat-transfer coefficient because of the larger Prandtl number in
that region; however, that effect is more than offset by the reduction
in the values of the other properties.

Severael analyses which utilize assumptions other than those made in
the present anslysis were made and are reported in reference 3. Therein

Goldman assumed that the curve of a plot of ut against y* for B = 0 can

be used for flow with heat transfer if u' is redefined as\j/ﬂu-_.fgi__
’\/" /
y m— 0 o/ P

p

/o

ertles are used. Also, Elrod utilized Prandtl's mixing-length

theory and a laminar layer at the wall. The results of these two
analyses are in reasoneble agreement, as shown in reference 3. A com-
parison between these analyses and the present one is made in figure 10.
Most of the difference in calculated heat flux is caused by the differ-
ence in the viscosities and thermal conductivities used (fig. 2). The

and yt 1is written as dy, where local values of the prop-
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curves in figure 10 calculsted from the present analysls and the prop-
erties from reference 3 are in reasonable agreement with the anslyses
from reference 3. This agreement indicates that the calculated heat
transfer is insensltive to many of the assumptions made in the analysis.

Friction Factor

The predicted friction factors plotted against Reynolds numbers for
various velues of the heat-trensfer parameter £ for a pressure of
5000 pounds per square inch and a wall temperature of 1360° R are shown
in figures 11 and 12.

In figure 11, all the physicel properties in the friction factors
and Reynolds numbers are evelusted at the wall temperature. For a given
Reynolds number, an increase in the frlction factors occurs with an
increase in B. The friction factors plotted against Reynolds numbers
with the physilcel properties evaluated at the bulk temperature are shown
in figure 12. At a glven Reynolds number, the friction factors can be
seen to decrease nonuniformly with an increase in p. Since the friction
factors vary in a complex manner with B, no single reference temperature
ty can be found for the evaluatlon of the physical properties which will

eliminate the effects of B. To eliminate the effects of B, a reference
temperature which is a function of both the wall temperature and the
ratio of wall-to-bulk tempereture must be used. With all the physical
properties evaluated at this reference temperature, the friction factors
are plotted against the Reynolds numbers in figure 13. A plot of x
against the ratio of wall-to-bulk temperature for the various wall tem-
peratures, where x is defined by t, = x(tp - t,) + t,, is shown in

figure 14. The values of x were computed from the curves in figure 12
and the corresponding curves for other wall temperatures. There is a
variation of x with wall temperature and ratio of wall-to-bulk temper-
ature for the Priction factors, but it i1s not sc great as the variation
for the Nusselt mumbers.

SUMMARY OF RESULTS

The following results were obtained fram the analytical investigation
gfbturbulent flow and heat transfer of supercritical water in smooth
ubes:

1. Heat addition to the fluid caused a flattening of the velocity
and temperature profiles. The variation of temperature distribution
with heat addition was complex because of the unusual varistion of spe-
cific heat with temperature.

2858
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2. The effects of verisble properties on the Nusselt number and
friction factor correlations were eliminated by evelusting the prop-
erties of the Nusselt number, Reynolds number, and friction factor at
reference temperatures which are functions of both wall temperature and
rgtio of wall-to-bulk temperature.

Lewis Flight Propulsion laboratory
National Advisory Committee for Aeronautics
Cleveland, Chio
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APPENDIX - SYMBOLS
The following symbols are used in this report:
c specific heat of fluid at constant pressure, Btu/(1b)(°F)

. specific heat of fluld at constant pressure evaluated at +t
?,0 034
Btu/(1b) (°F)

D Inside diameter of tube, ft

e bage of natural logarithms

g acceleration due to gravity, 32.2 ft/secz

h heat-transfer coefficilent, E(—)-q?—tb, Btu/(sec)(sq £t)(°F)

k thermal conductivity of fluid, Btu/(sec)(sq £t)(°F/ft)

kb thermal conductivity of fluild evaluated at 1,
Btu/(sec)(sq £t)(°F/ft)

ko thermal conductivity of fluid evaluated at tg,
Btu/(sec)(sq £t)(°F/ft)

ko, thermal conductivitgFof fluid evaluated at t,
Btu/(sec)(sq ft)( /ft)

n constant

P static pressure, lb/sq ft abs

q rate of heat transfer toward tube center per unit ares,
Btu/(sec)(sq ft)

1) rate of heat transfer at inside wall toward tube center per
unit area, Btu/(sec)(sq ft)

To inside tube radius, ft

t absolute static temperature, °R

to absolute wall temperature, °R

tb bulk or average static temperature of fluid at cross section of
tube, °R

tx film temperature, x{to - tb) + by, °R

2858
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u time-average velocity parallel to axls of tube, ft/sec

Uy, bulk or average velocity at cross section of tube, ft/sec

X nunber used in evaluating arbitrary temperature in tube, by,
¥ distance from tube wall, £t

3 coefficient of eddy diffusivity for momentum, sq ft/sec

Sh coefficient of eddy diffusivity for heat, sg ft/sec

x Kérmén constent

n absolute viscosity of fluid, (1b)(sec)/sq ft

by absolute viscosity of fluid evaluated at tb,.(lb)(sec)/sq Tt
T absolute viscosity of fluid evaluated at tg, (Ib)(sec)/sq Tt
By absolute viscosity of fluid evaluated at t,, (lb)(sec)/sq ft
p mess density, (1b)(sec?)/ft

Py bulk or average density at cross section of tube, (1b)(sec?)/ft4
Po magg density of fluid at wall, (lb)(secz)/ft4

Py density of fluid evalusted st t,, (1b)(sec?)/ft*

T shear stress in fluid, I1b/sq £t

%o shear stress in fluid at wall, 1b/sq £t

Subscripts:

fr on friction-pressure gradient

Dimensionless groups:
15V Po

heat-transfer parsmeter, ————
P ® ’ ©p,08%0%0
D(dp/dx)fr er
fo friction factor with density evaluated at tg, =

=
2pp W, Po ubz
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2T
0
y friction factor with density evaluated at +t,, —3
fp Yp
27
Ty friction factor with density evaluated at t,, —
Px Yp
Nug Nusselt number with thermal conductivity evaluated at to, %
Ny, Nusselt number with thermal conductivity evaluated at 1, _khf
Nu, Nusselt number with thermal conductivity evaluated at tx, %
Pe Peclet number
Pr Prandtl number

Prg Prandtl number with properties evaluated st wall, c, g4 no8/ kg

Re Reynolds number

Reo Reynolds number with density and viscoslity evaluated at tos
PoupD
Ho

Re]D Reynolds number with density and viscosity evaluated at Y

PpUpD
Hp
.Rex Reynolds number with density and viscosity evaluated at tx P
PP
”x
+ VTO/ pO
To tube-radius psrameter, Ho/Po rQ
+ (to-t) cp,0 8Tg L - /g
t temperature parameter, = B
a5\/ " o/ Po
t;"  value of t¥ at yl+
+ 1 )
Ty bulk-temperature parameter, g -

u

u velocity parameter, —ﬁ
0/P0

2858
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Yy
bulk velocity parameter, —————
VFolro
value of u’ at yl+
dut
dy+

value of v at y1+

Vol

Mo/ Po

wall-distance parsmeter,

15

value of y+ at intersection of curves for flow close to wall

and at a distance from wall
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